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Spatiotemporal Adaptation Algorithm
for Two-Dimensional Reacting Flows

Mehtab M. Pervaiz* and Judson R. Baronf
Massachusetts Institute of Technology, Cambridge, Massachusetts

A spatiotemporal adaptive algorithm for solving the unsteady Euler equations with chemical source terms is
presented. Quadrilateral cells are used in two spatial dimensions that allow for embedded meshes tracking
moving flow features with spatially varying time steps which are multiples of global minimum time steps. Blast
wave interactions corresponding to a perfect gas and a Lighthill dissociating gas (nonequilibrium) are considered
for a circular arc cascade geometry.

Introduction

THE coupling between fluid flow and finite-rate chemistry
can introduce appreciable stiffness in numerical schemes,

which then involve prohibitively long computation times. Typ-
ically, fine spatial resolution is desired in the regions charac-
terized by steep changes. Similarly, fine temporal resolution is
needed when nonequilibrium source terms imply large tempo-
ral gradients and also in regions of spatially fine cells due to
coupling of time steps with cell volumes.

The use of locally refined spatial grids for steady flow
situations has been well demonstrated.1"5 For such situations,
the convergence can be accelerated by using local time step-
ping and multiple-grid techniques. For unsteady flows, such
techniques are inapt; a scheme is introduced here that allows
for spatial variation of time steps which are integral multiples
of global minimum time step. This time-stride approach in-
volves multiple integration passes over cells with smaller time
steps. The aim is to provide a description of a controlled grid
resolution approach in both space and time and to demon-
strate its effectiveness for a selected class of problems. Refine-
ment of grids is carried out whenever preselected differences
exceed certain threshold limits. In general, the resolved grid
field is itself unsteady, with rates of change that vary from
large values during transients or unsteady flow to virtually
zero for near steady-state solutions.

The algorithm periodically examines the evolving solution,
applies spatial adaptation to the existing grid, determines an
appropriate time-stepping sequence to make up consistent
time-stride units for the entire domain, and finally integrates
the equations. The spatial adaptation involves the detection of
regions with large spatial nonuniformities and a subsequent
subdivision of the corresponding grids. If spatial nonunifor-
mities diminish later, return to a coarser mesh is allowed up to
the initial coarsest grid. When the initial flowfield is itself
nonuniform, consistent pre-embedding is applied while mak-
ing certain that the grid division procedure does not introduce
interpolation errors in the initial field. During the course of
integration, temporal gradients are monitored so as to main-
tain time steps for adequate local resolution and stability. The
time difference between two consecutive isotemporal surfaces
is the maximum time step allocated to any cell and is referred
to as a time stride.

Governing Equations
The conservation equations for two-dimensional reacting

flow are

The state, flux, and source vectors are

U = (p,pu,pv,e,pYl,...9pYs)T

F = (pu,pu2 + p,puv,u(e + p),puYi,...,puYs)T

G = (pv,puv,pv2 +p,v(e + p)tpvYlt...,pvYs)T

W = (0,0,0,0, Wl9...,Ws)T (2)

where p, (u, v), e, and/? are the density, velocity components,
total energy per unit volume, and pressure, respectively. The
mass fraction of the sth species (s = 1,...,S) is denoted by Ys
and Ws is the associated chemical source term. The vectors
U, F, G, and Weach have 4 + 5 components, but, since Ef= i
Ys = 1, only S — 1 species equations need be considered. The
system is supplemented by the equations of state

p =

CPs dT
p
p

(3)

(4)

where (R, T, r0, ihs, Hfs, and CPs are the universal gas con-
stant, temperature, reference temperature, molecular mass,
heat of formation, and constant-pressure specific heat, respec-
tively. The system remains invariant in nondimensional form
if the reference values are chosen as

# r /.. -.2 „ / rr /^ Tlr — J-jr/Ur Ur = pr/ pr — Jrir = \^pr± r

Tr = fhrpr/pr(S{ tr=Pr= Pr"r
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Wr = prur/Lr mr = (5)

where subscript r denotes the reference values. However, the
thermal equation of state becomes

(6)
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For R reactions of the form
s s

(7)
S=l 5=1

stiffness arises from the source terms

w A f s //>y/V*- s /DYiVfrl
IK? -̂n^?,fev -^fife) J (8)

The rate constants are assumed to be of the generalized Arrhe-
nius form, e.g.,

(9)

Integration Scheme
The integration basis is a generalization of a second order

accurate Lax-Wendroff finite-volume scheme.6 State, flux,
and source vectors are stored at the nodes. The generalization
introduces chemical source terms and spatiotemporal adapta-
tion. Consider the physical domain cells A-D adjacent to node
/ in Fig. 1.

The cell change originates from a flux balance for cell C

(10)

or

c c -
AC J

AC/c = ACWC + Fw(yl - yf). - Gw(xl - xf)

+ FN(yk - yt) - GN(xk - x{)

Fs(yi-yj)-Gs(xi-xj) (11)

where Ac represents the cell area and subscripts S, E, N, W
indicate the south, east, north, west fluxes; i.e., the F flux for
the north and south faces are FN = (Fi + 2Fn + Fk)/4 and
FS = (Ft + Fj)/2. Next, the contribution of the cell to its cor-
ner nodes is evaluated from the distribution formulas

dUiC = AC/ - AF- AGA A AW

jc = !/4 (AC/ + ̂  AF- ̂  AG + q^- AW + *, ; )
\ ^ ^4 2 /

= '/4 AC/ + AF + AG

5C/ /C= 2 (12)

These distribution formulas allow for different time steps and
cell volumes for cells adjoining a common node. The term ^
incorporates the effect of artificial viscosity as described be-
low. The flux and source changes are given by

A typical example of a metric term for cell C is

(13)

(14)

Fig. 1 Portion of physical grid.

The factor q appears in the distribution formulas so that
assigned values of 0 or 1 will exclude or include a second-order
source term. For a linearized source term model, a stability
study7 shows that no substantial gain in stability limits is
acquired, over the explicit scheme, if the second-order source
term is retained while treating the first-order source term
implicitly. However, if only first-order implicit source terms
are retained (q =0), the stability becomes constrained solely
by the familiar CFL condition. The remaining second-order
flux terms are essential for stability and are always retained.
The implicit source vector is useful when chemical reactions
would otherwise impose severe time restrictions for stability,
thereby making time steps minuscule compared to resolution
requirements. Although implicit modeling may be advanta-
geous in overcoming the reaction stability liminations, it is
inappropriate when there are time-step constraints due to local
rapid chemical adjustments. Of course, when interest is lim-
ited to the steady state, the implicit advantage can be fully
utilized in bypassing the resolution requirements,8"10 but only
if it is clear that real gas behavior is independent of transient
history.

Since an implicit source term for a cell C can be written as

—— AC/c

the implicit form of Eq. (10) becomes

,-i
;Ar

(15)

(16)

This equation, instead of Eq. (10), is used in conjunction with
the distribution formulas [Eq. (12) with q = 0] while looping
over cells whenever the source implicit scheme is used.

The cell change, AC/C, must take into account the situation
when cell C is adjacent to an interface as depicted in Fig. 1.
While for cell C the nodes e and n actually exist, the nodes w
and s are irrelevant; nevertheless, for the sake of a flux bal-
ance one can define, e.g., Fw = (Ft + /7/)/2. The distribution
formulas are used to determine contributions to the corner
nodes i, j, k, I when integrating C, whereas for midface nodes
such as e a simple average, 6UeC = (5C// + 6C4)c/2, is used.
The node e is treated in the usual manner [Eq. (12)] when
integrating cells E and F in Fig. 1.

Artificial Viscosity
Artificial viscosity is needed to suppress odd-even decou-

pling modes associated with the integration scheme and dis-
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persion effects adjacent to strong shocks. The dissipation is
introduced only at corner nodes whenever integrating a partic-
ular cell. For example, its contribution in cell C to node /
Fig. 1 is

okUk (17)

where Asc = 2AC/PC with Pc being the perimeter. As shown
in Ref. 7, this form results by considering a Laplacian type
term for the artificial diffusion. The viscosity coefficients are
stored at all nodes and have the form

(18)

where, for example, for a general cell C, the quantity KC
depends upon a density switch

KC = Pe ~~ Pw

Pe + Pw

Pn ~ Ps

Pn
(19)

The first or second differences of pressure are commonly used
to scale the artificial viscosity coefficient. However, pressure
is constant across contact surfaces and so density is used in the
present work. For a midface node such as e, a lesser viscosity
coefficient is needed and the viscous weight is accumulated
only from cells whose corners include the node e, i.e.,
°e — tfmin + &(*•£ + Kp)/4. The constant 6 is chosen so that <r€
[tfmin, tfmaxl typically between 0.05 and 0.5. The boundary
nodes are adjusted to yield a reflection condition.

Spatial Adaptation
Spatial resolution is essential near features like shocks, re-

laxation zones, vortices, slip lines, etc., because a discrete
model inherently spreads flow discontinuities over several cells
and thereby degrades accuracy. Adaptive algorithms have the
advantage that the meshes are refined only where necessary
and as the solution evolves, thereby providing accurate and
relatively inexpensive solutions.

One approach that detects flow features examines the first
differences of a single-criteria variable.1'5 The variations over
the length scale of a mesh do provide a measure of the local
numerical error; however, a single variable (e.g., density) may
be insufficient when features in different regions are charac-
terized by different time and length scales. For example, a
contact surface may occur in one location with a small density
gradient concurrently with a classical shock elsewhere without
mass fraction gradients. Therefore, a multivariable approach
is suggested; the type of differences used for spatial adapta-
tion will be explained first.

Suppose density to be one of the components of a criteria
variable vector Q. Since it is necessary to adapt frequently4 for
most unsteady flows, an efficient differencing scheme is of
some importance. To minimize the computing time, only the
corner vertices of a cell are considered when evaluating differ-
ences. For cell C in Fig. 1, the differences for m - i, j, k, I, are

•.uApm = PC - Pm with PC =Pi + Pj + Pk + PiJ (20)

Next Apmax and Apmin are evaluated, which would be, for
example, the maximum and minimum values for cell C over
the nodes /, j, k, /. The cell difference Apc is set according
to the maximum if I Apmax I > I Apmin I or to its minimum if

I Apmax I < I Apmin I . When the values are equal, the cell change
is assigned randomly to one of these. For a large number of
cells, one may assume that the average of all such changes
approximates zero, since there is equal likelihood for a cell to
acquire positive or negative values. However, no such assump-
tion is made here. We shall denote Apc by q f , indicating the
first component of the spatial criteria vector Q and the mean

value of all q\ by fi\9 which may be approximately zero. Once
all elements of the vector Q are determined for each cell, the
covariance matrix L = [sab] follows from

(21)

where AT is the total number of cells in the domain. To acceler-
ate the adaptive process, one may assume that sab = 0 when
a 5* b for suitably chosen variables. A single scalar criteria
variable then lumps the effects of the multivariable compo-
nents of Q for each cell and has the form

Q (22)

This refinement parameter reduces to the familiar r = (q— /*)/
form for a single-variable situation. One threshold value,

x, is selected from the histogram records as the value
corresponding to a specific fraction (usually 20%) of the cells
for which r>r lmax; a second one, r2max, is used to avoid cell
division in globally uniform fields. A single threshold value,
rmax = max(rlmax, r2max), is then used as the decision basis for
cell division. When rlmax>r2max, all cells flagged for division
actually may not be adapted. This occurs if the spatial level of
the would be subcells pertaining to a marked cell exceeds some
user-supplied maximum level (coarse cells are level 0, cells
divided once are level 1, etc.). Furthermore, cells remain undi-
vided if the difference between any two contiguous cell levels
would otherwise exceed unity. A decision basis for cell merger
rmin is set to about 20% of the resolution threshold value.
When the associated refinement parameter diminishes on a
previously refined grid and becomes less than the merger
critical limit, those contiguous cells (which were derived from
the same parent) may be fused. The cells are not merged if the
difference in level between the parent cell and any of the
neighbors would otherwise exceed unity. The coarsest global
grid is never merged no matter how smooth the evolving
solution proves to be.

Temporal Adaptation
Temporal and spatial adaptation procedures are applied

separately. The spatial process is carried out at the current
time level and all spatial locations, but infrequently relative to
the number of temporal adaptations. Nevertheless, the fre-
quency of spatial adaptations does depend upon the time rate
of change of the flow feature being resolved. On the other
hand, temporal adaptation is repeated after each time stride at
all spatial locations and must anticipate subsequent changes in
the flowfield as the features move. The four steps needed to
complete a temporal grid adjustment are:

1) A determination of an allowable At for each cell.
2) Reassignment of At to be multiples (in powers of two) of

the global minimum time step Atmin.
3) Further reassignment of At distributions such that adja-

cent cells vary at most by a factor of four.
4) Determination of a proper integration sequence over the

cell domain.
The time step is subject to the CFL restriction11

1
ns - vAxn

1
\uAyew - vAxew\ (23)

where af is the local frozen speed of sound, F the CFL num-
ber, and 5)2 = Ax2 + Ay2. In the presence of rapid adjust-
ments, the more important resolution requirement A/res
follows from a threshold criterion that is based on the maxi-
mum allowable change A(7Cmax for the temporal criteria vari-
able-, i.e.,

\AUC\ ^ =ei\Uc\ (24)
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where the e/ are small positive numbers. Effectively, the
change is limited to a fraction of the state value of the tempo-
ral criteria variable excepting for vanishingly small levels.
From Eq. (10), it follows that

(25)
' ACWC + hc(F Ay - G dx)

Since the resolution requirement A/res may or may not exceed
the stability requirement A/stb the actual time step is

Atc = (26)

A time constraint due to reaction kinetics does not appear here
since the reacting flow computations were performed with
source implicit modeling. For time accurate descriptions, a
criterion such as Eq. (25) is desirable for both explicit and
implicit integration schemes.

Based on Eq. (26), global minimum and maximum At can
be determined for the spatial domain and the size m of the
time stride may then be assigned such that

(27)

Note that m is the current maximum allowable temporal level
for domain cells and is constrained to be less than or equal to
a prescribed maximum level M. Such a constraint on temporal
levels is necessary to avoid very long time-stride units that may
cause spillage of the feature being resolved from the spatially
embedded region.4 A flow feature generally implies an associ-
ated characteristic speed; the spatially embedded region must
be sufficiently large to ensure that the feature will remain
within the embedded region during the subsequent time stride.
Hence, the embedded portion must be enlarged for moderate
to large-sized time strides. Although temporal embedding in-
volving long time strides helps to reduce CPU time, the in-
creased number of extension nodes can be expensive and a
balance between the two competing effects is necessary. Ac-
tual time steps for a given cell C are reassigned according to

A /new _ ^n \ +Atc - L Afmin

where the level n < m is given by

f2"<min -, 2

(28)

(29)

Another facet of temporal level stiffness is that time steps
can vary appreciably for contiguous cells. This is improbable
for frozen flows because a division into four subcells reduces
the time step by a factor of two and hence this facet of
temporal level stiffness can be avoided by controlling the
difference of spatial level embedding between contiguous
cells. For reacting cases, the source terms can vary appreciably
between contiguous cells and hence can cause a corresponding
variance of time steps. To avoid such occurrences, the cell
time step is restricted to at most four times the minimum time
step of the surrounding cells.

On completing all readjustments, cells with the same tempo-
ral levels are grouped together for subsequent integration.
Thus cells with time steps A/min are in group level 0, those with
2 Afmin are in group level 1, and so on. The total number of
time steps needed for cells in level n to advance to the next
time stride is 2m~n.

The order in which the integration over the cells takes place
is also important.4 Successive integrations over the same cell
in passing from one isotemporal surface to the next will pro-
duce a degraded solution, since information from neighboring
cells is not allowed to propagate. A cycle of PT integration
passes completes a time-stride unit, the total number being
PT = 2m+ l — 1. On pass P€ [1, PT] cells with temporal level n
are integrated if (P - 2n)/2n+l is an integer.

Fig. 2 Time stride with m = 2 for a portion of space/time grid.

Nodes at the boundary of cells with different time
steps—nodits4—are not necessarily the same as middle nodes
for spatial interfaces. No special formulation is needed at
nodits and in order to render the actual spatial location of any
temporal level cell irrelevant, a data base must be constructed
so as to store cells at the same temporal level together. There
is no such restriction for spatial adaptation pointers. The
choice of such a data base allows the calculations for each pass
to be performed in parallel; the data dependencies occur only
at nodits between various passes for a given integration se-
quence. However, the integration order does not strictly have
to follow the aforementioned sequence at nodits and such data
dependencies will cause only slight variations between parallel
and nonparallel calculations.

As an example consider the time stride in Fig. 2 with M = 2
as the prescribed maximum time level of cells. Also suppose
that the time-step variation is such that the current maximum
allowable temporal level of m = 2 is possible and, therefore,
PT = 1. For clarity, a slice has been removed from the figure.
The dots on the top surfaces of each cell indicate the time step
as a multiple of the global minimum time step. Hence, cells
with one, two, and four dots are at levels n = 0, 1,2. The
chemical source terms may alter the time-step distributions in
such a way as to create cells with spatial resolution in the
absence of temporal resolution (cells with four dots and
shaded top surfaces) and temporal resolution in the absence of
spatial resolution (cells with two dots and shaded top sur-
faces). Such complications do not exist for frozen flow com-
putations. The makeup of the time-stride changes with the
movement of the flow features being resolved and a different
number of levels may exist for consecutive time strides. The
generation of fresh time strides depends, in fact, upon the
velocity of the features; hence, for fast-moving features, time
strides might be renewed after each spatial adaptation opera-
tion and vice versa.

Case Studies and Initial Conditions
Numerical experiments were carried out for a geometry

consisting of a circular arc convex surface on the lower surface
of a cascade configuration. On imposing a high pressure at the
cascade entrance, a shock propagates to the right along the
channel. This is initially a normal shock that later develops
into a complex propagating shock pattern. The medium was
taken to be either a perfect gas or a nonequilibrium Lighthill
gas.

For a frozen flow, the conditions across the moving shock
with shock Mach number Mf and ratio of specific heats 7 are
given by12

EL
Pe

2y

ue = 0 (30)
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where r = (7 - \)/(y + 1), al = ype/pe, and () / , ( ) e refer to
inlet and exit.

For a reacting flow, the nonequilibrium source term for a
Lighthill ideal dissociating gas, Z2^2Z, is13

Yz)e-eD/T-—
PD

with the nondimensional reaction parameter given by

_ _ CfT?prLr

(31)

(32)

where C/, rj, 0D, and pD are physical constants and subscript r
denotes reference quantities. In contrast to the frozen case, a
partially dispersed shock involves a frozen jump (station e to
/), followed by a relaxation tail (station/to /) that is charac-
terized by a gradual adjustment to equilibrium on the down-
stream side, ( ) / , of the shock. This dispersed behavior served
as the initial conditions for all finite-rate cases. The overall
change between stations e and / is given by equilibrium shock
relations.13

Denoting the mass fraction of dissociated atoms at station k
by Yk, the frozen shock Mach number is given by

uf . u 4with je = Ye

JePe/Pe
(33)

The differential equation for the mass fraction in the relax-
ation zone is

Fig. 3 Grid and density contours at t = 0 for frozen flow, M/ = 2,
7 = 1.4.

Fig. 4 Grid and density contours at t = 0.4 for frozen flow, M/ = 2,
7 = 1.4.

where w is the fluid velocity in a frame of reference attached
to the frontal shock. Starting from an initial frontal shock
location (x = xf at t = 0) with Y = Yf= Ye, the other quanti-
ties at station/are given by the frozen shock relations between
stations / and e for the normal (frontal) shock. The usual
integral conservation relations connecting state/and any posi-
tion inside the relaxation zone can be used to define the
density, pressure, and velocity in terms of the atom mass
fraction and, as such, the differential equation can be inte-
grated. Once velocities w in the stationary shock frame are
known, the velocities u in the moving shock frame flow from
u = we — w. A relaxation length xt may be defined as the
distance between the shock discontinuity at/and, where disso-
ciation reaches 0.99, of the equilibrium value Yf and is a
convenient measure of the nonequilibrium scale between its
zero (equilibrium) and infinite (frozen) limits.

Results and Discussion
Frozen Case

The first example was for a frozen medium (7 = 1.4) and a
shock propagating at Mf = 2 past a 15% circular arc section as
shown in Figs. 3-6 corresponding to the time periods of t = 0,
0.4, 0.8, and 1.2, respectively. The channel dimensions are
normalized by the chord length and is spanned by x£(— 1, 2),
76 (0, 0.8). Other fluid properties are normalized with those of
the quiescent gas. The shock is initially t =0atx = —0.5. The
figures show both density contours and the corresponding
spatial grids at the indicated time intervals. Clearly, the evolv-
ing spatial grid tracks the salient features. Three levels of
spatial embedding beyond the base grid (16 x 60 cells) and
four levels of temporal strides were used. Since the maximum
eigenvalue (u + a) changes significantly across a moving
shock, it is appropriate to use additional levels for temporal
adaptation compared to those for spatial adaptation. The
corresponding globally fine spatial grid has 43 as many cells
and four levels of temporal strides imply 24 smallest time steps
in each time stride. Hence, the space/time globally fine grid is
expected to consume a factor of 1024 more CPU time than the
globally coarse grid. The grid actually was uniformly pre-
embedded by six cells and to three levels at t = 0 on both sides
of the shock as shown in Fig. 3.

The unnecessarily fine region generated by pre-embedding
to the left of the initial shock reverts back to the coarse grid as
soon as the usual spatial adaptation process is turned on. A
density refinement criterion was used with r2mSLX =1.2. Spatial
adaptation was performed after each time-stride unit and the
spatially adapted grid was arbitrarily extended by two addi-
tional cells on each side. The same values were used for the
dissociating flow cases. At about t =0.2, the shock reaches
the leading edge of the arc and soon after a compression wave
ensues from the bump, which then propagates upstream. The
compression region strengthens and develops into a shock
wave that propagates against the flow stream. The Mach
number in the inlet region following the initial shock is
Mi = 0.96 or equivalently a velocity of «/ = 1.48. The velocity
of the near-normal shock moving back toward the entrance
along the lower wall is u = —0.36 or M = 1.20 in a frame of
reference attached to the front shock and with respect to the
inlet sound speed.

At t = 0.4 (Fig. 4), the original frontal shock has traversed
about 50% of the chord. The shock wave ensuing from the
bump has interacted with the frontal shock to form a lambda
shock structure. There is some evidence of a slip line emanat-
ing from the triple point, both from the density contours and
the embedded grids. Since density sensors are used in the
artificial viscosity formulation, it is reasonable to expect that
the slip line would be appropriately captured. However, unless
extremely fine cells are used, capturing of slip lines is a severe
task for computations based on the conservation law form.
The triple point moves vertically upward as the frontal shock
moves downstream.
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Fig. 5 Grid and density contours at t = 0.8 for frozen flow, M/ = 2,
7 = 1.4.

Fig. 6 Grid and density contours at t = 1.2 for frozen flow, Mf = 2,
7 = 1.4.

Corresponding to t =0.8, Fig. 5 shows the frontal shock
arriving downstream of the bump surface and the rearward-
facing shock developing a strong reflection from the upper
boundary. The beginning of a secondary shock surface is
apparent near the trailing edge of the section.

Finally, Fig. 6 shows the situation at t = 1.2 after the fron-
tal shock has left the computational domain. A nonreflective
boundary condition had been applied at the exit. Both the
reflected bow shock of the upstream-facing front and the
shock that originated near the trailing edge are now strength-
ening and moving upstream.

A similar frozen case has been studied by Yang et al.14

Figure 7 compares their pressure contours for a globally fine
grid at a time when the lower leg of the frontal shock is
virtually at the trailing edge. This corresponds to t = 0.65 for
the present case. Figures 8 and 9 indicate comparisons on the
lower channel wall and at y =0.5, the symbols represent inter-
polated data from Fig. 7 in Ref. 14. The agreement between
the two solutions is considered reasonable.

Figure 10 shows the density distributions along the lower
channel wall at various time stations. The vertical scale corre-
sponds to the initial condition t = 0 and all the other curves
are displaced by the vertical offset of 0.8.

Reacting Case
A second example used a Lighthill dissociating gas flowing

over the same 15% circular arc bump. Constants for the
Lighthill model for oxygen are r/ = 0, 6D = 59,500 K, pD =
150,000 kg/m3. Inlet temperature and density were chosen so

CONTOUR INTERVAL = 0.25

a) -0.25 0.00 0.25 0.50 0.75 1.00 1.25

0.75

y 0.50

0.25

-0.25 0.25 0.50 0.75
Xb)

Fig. 7 Pressure contours at t = 0.65 for frozen flow, Mf = 2,
7 = 1.4; a) present adaptive calculation, b) Ref. 14.

10. -

p 6.

-1.0 -0.5 1.0 1.5 2.0

Fig. 8 Comparison of pressure distribution on lower channel wall
for frozen flow (symbols represent data from Ref. 14).

as to yield 40% dissociated oxygen atoms under equilibrium
conditions. The conditions at inlet and exit are

T, K kg/m3

Inlet, (),-
Exit, ( ) e

5000
4125

3.820
1.004

0.400
0.247

This corresponds to a shock moving through the channel at
Mf = 2. The exit conditions are also the reference values for
both the frozen and reacting cases. Note that the degree of
dissociation at the exit corresponds to 7 = 1.417 for compari-
son with the previous frozen case. Although the shock Mach
number is identical in the two cases, the temperature, density,
and pressure ratios are very different; i.e., for the reacting
case the ratios are 1.212, 3.803, and 5.174, whereas those for
the frozen flow are 1.688, 2.667, and 4.500, respectively. A
choice of reaction parameter <i> = 104 implies the relaxation
length to be xt = 0.273 times chord length.

By comparing Figs. 3 and 11, it can be seen that the pre-
embedded grid at / = 0 spans a larger domain due to gradients
in the relaxation zone trailing the frontal shock. The base grid



1374 M. M. PERVAIZ AND J. R. BARON AIAA JOURNAL

is again 16 x 60 with allowance for three spatial refinements
and advancement by five temporal stages. The refinement
parameter was based on density and mass fraction of atoms
withr2max = 1.2.

Figure 12 shows density contours and the associated spatial
grid at t = 0.6. The embedded grid is again seen to be captur-
ing the salient features. The motivation for showing spatial
grids as well as line contours has been to demonstrate the grid
tracking capability for all of the necessary features without the
introduction of spurious oscillations in the solution. If only
density is used as a refinement parameter, the spatial adapta-
tion fails to resolve the relaxation tail. However, a combina-
tion of density and atom mass fraction does yield satisfactory
resolution of both the frontal shock and the relaxation zone.
Figure 13 shows the distribution of the spatial variations of
density and atom mass fraction for the spatial grid at t = 0.6
on standardized scales that allow for an unbiased spread of
data. The numerical values of the averages ̂  were about seven
orders of magnitude smaller than the (diagonal) standard devi-
ations. Each square on the figure represents a single cell in the
domain, which total 8508 at that time. The cells with large
variations correspond to the data outside the divide threshold
ellipse and are the cells marked for possible division. The fact
that the ellipse has small eccentricity implies that the correla-
tion between the two variations is relatively small for the type
of differences chosen. The threshold ellipse corresponds to
''max = fimax = 1-8 and is the locus of the points satisfying Eq.

P 6.

-i.o -0.5 0.0 0.5
X

1.0 1.5 2.0

Fig. 9 Comparison of pressure distribution at y = 0.5 for frozen
flow (symbols represent data from Ref. 14).

p 7.5

(22) with r = rmax. The cells falling within the collapse
threshold ellipse are marked for possible merger. About 70%
of the cells lying between the two ellipses remain unaffected.

The contours of density and atom mass fraction are shown
in Figs. 14 and 15 for several time stations. The time history of
this case can also be examined by observing the distributions
of density and atom mass fraction along the lower channel
wall as shown in Figs. 16 and 17. The flow development is
quite comparable to the previous frozen flow case. The reverse
moving shock is much stronger compared to the frozen flow
case, which moves at a speed of u - —0.1 or a Mach number
of 1.31 based upon the undisturbed inlet sound speed and a
frame of reference attached to it. The Mach number of the
inlet stream itself is M/ = 1.24, which is supersonic compared
to the previous case. The shock originating near the trailing
edge remains at the same location, unlike the frozen flow case.

CPU Time Comparison
In order to assess the effectiveness of the spatiotemporal

adaptive algorithm, calculations have been carried out on
coarse, adapted, and fine grids between the time stations t =0
and 0.3 for the frozen flow. In order to further curtail the
overhead for the globally fine grid, the spatial domain was
reduced to span x€(-0.6, 0.4) and >>€ (0, 0.6). The omitted
spatial domain corresponded to regions that were either undis-
turbed or in the vicinity of the normal shock for f€(0, 0.3).
The base grid resolution was kept the same as the previous two
cases. The coarse grid corresponds to the base grid of the
adapted case. Three spatial levels of embedding and four
temporal stages were again allowed for the adapted case. The

Fig. 11 Grid and density contours at t - 0 for dissociating oxygen
flow over a 15% circular arc, Mf = 2, $ = 104.

Fig. 10 Density profiles at the lower channel wall for frozen flow
over a 15% circular arc, A// = 2.

Fig. 12 Grid and density contours at t = 0.6 for dissociating oxygen
flow over a 15% circular arc, Mf - 2, 4> = 104.
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•Divide Threshold Ellipse

Collapse Threshold Ellipse

Fig. 13 Distribution of variations for spatial adaptation at t = 0.6
over a 15% circular arc, Afy = 2, $ = 104.

t = 1.2

= 1.0

= 1.2

= 1.0 t = 0.4

= 0.6

= 0.4

= 0.2

Fig. 15 Atom mass fraction contours for dissociating oxygen flow
over a 15% circular arc, Mf = 2, * = 104.

12.5 -

10.0 -

Fig. 14 Density contours for dissociating oxygen flow over a
circular arc, Mf = 2, 4> = 104.

global fine grid corresponds to the finest spatial level of the
adapted case. Both fine and coarse grid solutions were carried
out with a global minimum time step. Since the proportion of
the adapted region to the overall computational domain is
larger for a curtailed domain, the CPU gains can be inferred
to be somewhat modest compared to the previous calcula-
tions. Nevertheless, the conservative results do provide rea-
sonable justification for an adaptive approach in both space

-1.0 2.0

Fig. 16 Density profiles at the lower channel wall for dissociating
flow over a 15% circular arc, Mf — 2.

and time. The density contours at the final time of / = 0.3 for
coarse, adapted, and fine grids are shown in Fig. 18 along with
the adapted spatial grid.
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Fig. 17 Atom mass fraction distributions at the lower channel wall
for 15% circular arc, Mf = 2.

Adapted grid solution Fine grid solution

Fig. 18 Density contours at t = 0.3 for coarse, adapted, and fine
grids for frozen flow over 15% circular arc, Mf = 2, y = 1.4.

The calculation on the coarse grid took 51.0 s on a Micro-
Vax II machine, of which 31.5 s were devoted to actual inte-
gration. For this coarse grid calculation, the initialization and
output dump procedures consumed a significant fraction of
the overall time. The corresponding fractions for initialization
and output dump for adapted (about 1%) and fine (about
0.2%) grids were very small. The fine grid solution required a
factor of 571.3 longer compared to the coarse grid integration
time (or a factor of 352.5 for total time). The corresponding
factors for the adapted grid were 26.3 based upon integration
time and 16.7 based upon total time for the coarse grid.
Hence, we estimate the spatiotemporal algorithm to be conser-
vatively about an order of magnitude faster when compared to
the globally fine approach for the frozen test example.

It is evident that a coarse grid solution is incapable of
delineating features such as a shock wave, triple point, or slip
line. However, the adaptive grid procedure does provide re-
sults comparable to those for a globally fine grid and at a
fraction of the cost for the latter.

The effectiveness of the adaptive algorithm increases fur-
ther when temporal resolution becomes essential in tracking
local rapid chemical adjustments. Since adapted grid solutions
for the completed dissociating cases prove to be longer by a
factor of about seven than corresponding frozen flow cases, it
was impractical to consider reacting, globally fine grid com-
parisons. Such reactive examples involve larger CPU times
because of the additional (species) equations and refinement
parameters. However, the dominant and potentially very
stringent requirement is temporal resolution.

Conclusions
A strategy for automatic spatial and temporal grid embed-

ding has been developed for inviscid two-dimensional reacting
flows. The algorithm yields fair grid tracking of flow features
and reasonably smooth interface behavior. The procedure has
been shown to be effective in reducing CPU time, while retain-
ing accuracy comparable to a globally fine solution. The al-
gorithm becomes increasingly beneficial as temporal resolu-
tion requirements become locally more stringent.
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